Given a 4D vacuum solution to gravity with an isometry direction, it is well known that the gravity equations of motion are identical to those of a 3D σmodel with two scalars parametrising the target space geometry H 2 . Thus, any transformation by SL(2, R) -the isometry group of H 2 -is a symmetry for the action, thereby providing a mechanism to generate new Ricci-flat solutions in 4D. Here we clarify recent work on electromagnetic duality in the context of the classical double copy and present it in the most natural way, namely as a transformation in the H 2 target geometry. In particular, we will show how the electric and magnetic Maxwell fluxes of the double copy formalism are related to derivatives of the scalars, thereby providing an equivalence between Ehlers transformations and EM duality.
Introduction
The classical double copy is an intriguing connection between gravity and gauge theory [1] , which has been motivated from a relationship between perturbative scattering amplitudes in gauge theory and gravity [2] [3] [4] 1 . In its simplest form, the central observation is that solutions to Einstein gravity can be mapped to solutions of Maxwell's equations through a Kerr-Schild (KS) decomposition of the spacetime. Interestingly, in contrast to Kaluza-Klein dimensional reduction, the KS ansatz maintains dimensionality. More concretely, one considers the spacetime metric
where η µν denotes the metric of flat spacetime, φ is a scalar and k is a null vector, k µ k µ = 0, satisfying the geodesic equation k ρ ∂ ρ k µ = 0. The Maxwell gauge field A arises from the identification A = φk. See [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] for related work in this direction. In this double copy formalism the Schwarzschild solution corresponds to a Maxwell field with an electric charge [1] , while the Taub-NUT solution possesses a magnetic charge [24] . Subsequently, the single copy of the Eguchi-Hanson instanton has been shown to map to a self-dual Maxwell field [25] . With both electric and magnetic charges present, this raises the question whether there is a gravity analogue of electromagnetic (EM) duality, namely a rotation of the field strength F = dA into * 4 F that honours the Maxwell equations of motion. This was answered in the affirmative in two recent papers. In the first a complex transformation in the gravity is mapped to a complexified BMS supertranslation [26] , while in the second [27] a class of real transformations due to Ehlers [28] are exploited.
The purpose of this note is to clarify comments in the latter paper. As we explain in the following section, the magic of Ehlers transformations is that given 4D gravity with a U(1) isometry direction, the equations of motion are identical to a 3D σ-model with a target space H 2 . Being maximally symmetric, the hyperbolic space H 2 possesses an isometry group SL(2, R) that rotates the scalars, but importantly leaves the 3D effective action, and therefore the equations of motion, invariant. Ultimately, two of the symmetries can be removed by rescaling the Killing vector of the U(1) isometry direction and exploiting a gauge freedom arising from shifts in one of the scalars, so this leaves a U(1) symmetry, which when recast in terms of the double copy is precisely EM duality.
Concretely, we rewrite the KS ansatz in the description appropriate for an Ehlers transformation. In the process, we show that the electric and magnetic Maxwell field strengths are related to the derivatives of the scalars of the 3D σ-model, thereby providing a succinct way to understand observations made in [27] without recourse to transformations at the level of particular solutions. This map between the scalars parametrising H 2 and the Maxwell fluxes allows us to define electric and magnetic Maxwell charges, which transform accordingly.
Review of Ehlers
Here we follow the treatment described in appendix of [29] . Consider a 4D spacetime with a Killing vector ∂ t , which we will assume is in the temporal direction. The most general metric consistent with this U(1) symmetry is
where V is a scalar and A is a vector on the transverse 3D space with metric γ mn , m, n = 1, 2, 3. We have rescaled the internal space judiciously so as to arrive later in Einstein frame in 3D. Now, let us demand that this is a vacuum solution to Einstein gravity, so that it satisfies the equation
The joy of this set-up is that the equation mixing the temporal and spatial directions reduces
where F is the field strength corresponding to the vector field, F = dA. Now comes the magic. Locally, one can replace the above equation with
where we have taken the opportunity to introduce a second scalar. The fact that we can do this is essentially down to dimensionality: in 3D vectors are dual to scalars. Gathering the remaining equations of motion together, it can be shown that the equations of motion follow from varying the following 3D action
From the action it is evident that there is a hyperbolic target space. Being maximally symmetric, it permits 3 Killing directions. To make these symmetries manifest, it is best to switch to the complex scalar
which allows us to rewrite the metric on the hyperbolic space as
It is now an easy task to confirm that the 2D metric, and thus the 3D action, is invariant under the SL(2, R) transformation
We believe that this is the simplest and most elegant way to present the class of transformations we attribute to Ehlers [28] 2 .
Just so we are all on the same page, some comments are in order. First, the SL(2, R) clearly rotates the scalars in the action, but does not affect the 3D Ricci scalar. For this reason, the 3D space with metric γ mn is indeed invariant. Second, although we appear to have three free parameters, the freedom to rescale the Killing vector by a constant and the freedom to shift ω by a constant removes two of these parameters. In effect, if one is interested in generating new inequivalent solutions in 3D, one has only one parameter to play with. Interestingly, as explicitly highlighted in [29] , the same SL(2, R) symmetry is at the heart of Lunin & Maldacena's TsT transformations [30] , and there one finds only one parameter, in line with expectations.
Thus, the most general transformation up to redefinitions may be expressed as
We explicitly check in the appendix that the most general SL(2, R) transformation applied to the Schwarzschild solution leads to the Taub-NUT solution, i. e. in addition to the mass, only one additional charge is generated. Returning to the above transformation (2.9), we can now comment on some special cases. The choice β = π 4 generates the pure NUT space, while β = π 2 executes the Buchdahl reciprocal transformation [31] . In contrast to [27] , there is no need to rescale to the Schwarzschild metric 3 or treat the Buchdahl transformation separately: everything naturally fits into SL(2, R).
Kerr-Schild
Now comes the crux of this paper. To fully understand the Ehlers transformation in terms of the double copy, one should start with the KS ansatz and identify the scalar V and vector field A in terms of φ and the null vector k. The only problem is that nowhere in the KS ansatz is a Killing direction specified, so we will have to put one in by hand. Luckily for us, for stationary spacetimes, the most general null vector k can be decomposed as
wherek is a spatial vector with unit normk mk m = 1. Once this is done, one can easily identify the electric and magnetic part of the Maxwell field,
where we have opted to use differential forms. Translated into the language of the Ehlers transformation, one finds
where we have added a prime to the Ehlers vector field to distinguish it from the Maxwell gauge field. With this mapping, it is easy to identify the electric Maxwell flux in terms of the derivative of the scalar V :
The magnetic Maxwell flux requires a little more work, but in the end takes a simple form.
Using the conditionk n ∂ nkm = 0, it is a straightforward calculation to show that
5)
where the Hodge duality on the LHS is w. r. t. the metric γ mn , whereas on the RHS the metric is δ mn . Since the Maxwell field is assumed to live in flat spacetime, this is in line with expectations. Now, returning to the key point in the Ehlers transformation, where the vector is replaced by a scalar, we can write * 3 F mag = dω. (3.6) Now, everything is clear. Given a KS ansatz, the electric and magnetic fluxes of the Maxwell field of the double copy are mapped to the derivative of the scalars in the Ehlers transformation. The latter are transformed by an SL(2, R) transformation, which up to redundancies is a U(1) symmetry, and this corresponds to an EM duality transformation in the Maxwell field. This provides another perspective on the results announced in the recent paper [27] , but the presentation here is succinct and not at the level of specific solutions. It is worth noting that above we have assumed a KS ansatz, but it turns out that the above relations (3.4) and (3.6) are robust. In the appendix we show that if one replaces a single KS ansatz with the double KS ansatz, so that one can describe the transformation from Schwarzschild to Taub-NUT, then the same relations hold. Therefore, provided one is careful about the asymptotics and ensures that V → 1 at infinity, it is possible to define electric and magnetic Maxwell charges in the usual manner:
Let us return the example considered in [27] to which we will apply our general oneparameter rotation (2.9), which we have argued is the most general SL(2, R) up to redefinitions. The data describing the Schwarzschild solution is
and ω is a constant, so there is no vector field A ′ in the gravity. Translated into the double copy gauge field, the Schwarzschild solution has only an electric flux. In this case we have
Performing the SL(2, R) transformation, we generate new scalars and from there we read off the transformed charges,
As a further simple example, it is easy to convince oneself that the Buchdahl reciprocal transformation [31] flips the sign of electric charge.
Discussion
In this note, we have married the (double) KS ansatz with the natural 4D to 3D dimensional reduction ansatz of Ehlers, which has allowed us to identify the Maxwell field strengths of the double copy formalism directly in terms of the scalars parametrising a a hyperbolic coset geometry in 3D. As we have argued, this can be done for generic spacetime geometries and it is the rotation of the scalars under a U(1) ⊂ SL(2, R) that is mapped to EM duality in the Maxwell fluxes of the double copy formalism. We believe our work clarifies and generalises to pretty generic spacetimes admitting a KS form, the findings presented earlier in [27] . We leave the task of fleshing out examples to the interested reader.
The analysis presented here can clearly be generalised to other settings. Indeed, it is interesting to consider the inclusion of the cosmological constant and what happens when Einstein gravity is coupled to higher-form fields. In the case of the former, it is known that the SL(2, R) group is broken by a cosmological constant [32] , while for the former, there are numerous examples of supergravity theories that can be truncated to scalar sectors and similar symmetries arise. We hope to return to these in future work. only one is relevant after various redefinitions. Recall the most general form of a SL(2, R) transformation is given by (2.8) . For the Schwarzschild solution we have
so under the SL(2, R) transformation we get following expressions for V ′ and ω ′ ,
Using (2.4) the two form F ′ takes following form
Finally the 4D metric can be written as
where we have defined, ds 2 3 = dr 2 + r(r − 2M)dθ 2 + r(r − 2M) sin 2 θdϕ 2 (A.5)
In above metric only two of independent parameters of SL(2, R) appear. Indeed one can show that one of these parameters can be also eliminated by a shift and a rescaling scaling of both the radial and time coordinates. If we define two positive parameters r ± by
After a shift and scaling
metric (A.4) take following form
where function f is defined by
This is the metric of the Taub-NUT space time.
B Double KS
In this section we provide some details to support the identity (3.6). We work with a double KS ansatz for greater generality. Consider the double KS ansatz:
where k µ and l µ satisfy following equations, η µν k µ k ν = g µν k µ k ν = 0, η µν l µ l ν = g µν l µ l ν = 0, η µν k µ l ν = g µν k µ l ν = 0, k µ ∂ µ k ν = 0, l µ ∂ µ l ν = 0 (B.2)
Assuming ∂ t is a Killing direction, we can always write k = dt +k, l = dt +l. which can be further rewritten as (3.6). Although we have not performed the calculation, there is nothing that suggests the same analysis will not work for a KS ansatz with three null vectors.
